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Gravity theory with a dark extra dimension
Sandipan Sengupta∗
Department of Physics and Centre for Theoretical Studies,
Indian Institute of Technology Kharagpur, Kharagpur-721302, INDIA
We set up a vacuum theory of gravity with an extra dimension of vanishing proper length. The
most general solution to the field equations are presented. This formulation is free of Kaluza-Klein
modes and does not allow the propagation of gravitons along the invisible fifth direction. Apart from
a vacuum energy and radiation, the associated emergent theory exhibits a nonpropagating vector-
tensor multiplet which has no analogue in standard Einstein gravity. It is naturally inert, obeys
a bounded equation of state and has coupling properties radically different from ordinary matter.
Based on these distinctive features, we propose that this geometric multiplet could supercede the
hypothetical ‘dark matter’. As further evidence in support of this possibility, we show that the
galactic rotation curves are predicted to be asymptotically flat.
I. INTRODUCTION
The physics of extra dimensions, apart from just being
a fascinating idea, has often provided uncanny insights
into some of the outstanding problems in general relativ-
ity and particle physics. This idea probably owes the first
real impetus to Kaluza through his attempt to unify grav-
itational and electromagnetic interactions, along with
Klein who proposed that the extra spatial dimension is
curled up in a small circle to justify why it might not
be observable [1–3]. Further conceptual progress have
emerged through the application of this framework in ef-
forts to understand the hierarchy between the weak and
Planck scale [4, 5]. However, the fact that there are no
signs of Kaluza-Klein excitations or other possible signa-
tures of small or large [6] extra dimensions as yet makes
it worthwhile to explore alternative ideas.
Here we introduce a different formulation of extra
dimen- sions altogether. This is based on a dynamical
theory of vacuum gravity where the fifth dimension has
a vanishing metrical length, and thus is unobservable in
principle. The appropriate five-dimensional action prin-
ciple, which is shown to admit such spacetime solutions,
is defined through a first-order formulation.
First, we obtain the most general solution to the re-
sulting field equations. The detailed structure of the as-
sociated emergent theory in four dimensions is also un-
raveled. This is characterized by an invertible metric and
additional fields originating from the nondynamical con-
nection components. The phenomenological prospects
are rich and intriguing. This theory does not exhibit any
propagating emergent fields other than the four metric,
or any excitation such as the Kaluza-Klein modes.
The effective stress tensor contains a pure trace, which
represents a classical vacuum energy. The equation of
state of the remaining (nonpropagating) field multiplet
as an ideal fluid is found to be bounded both above and
below. In the four dimensional effective action result-
ing from the five dimensional vacuum theory, these fields
∗ sandipan@phy.iitkgp.ac.in
do not generate any interaction other than gravitational.
Also, its coupling to any additional matter that could
possibly be introduced in four dimensions is shown to
have a natural suppression through the four-dimensional
Planck scale.
Following the general structure of this theory as well as
the distinctive features of the nonpropagating field con-
tent, we show that it could supercede the notion of ‘dark
matter’, which has long been conjectured to be one of the
missing elements of standard Einsteinian gravity [7–13].
This is what we propose here.
Furthermore, we set up a model of the galactic halo
based on this extra dimensional framework. A strong
support to our proposal above is provided by the be-
haviour of the resulting rotation curves [9, 10], whose
large distance profile is different from that expected due
to ordinary matter. The emergent fields making up
the (nonlumionous) halo naturally explain its stability
against nongravitational interactions in general. We con-
clude our analysis with the discussion of the propagation
of graviton within this theory.
II. THE FUNDAMENTAL THEORY
While introducing the Lagrangian formulation, we as-
sume that the independent fields are the vielbein eˆIµ(x)
and super-connection wˆ IJµ (x) (µ ≡ (t, x, y, z, w), I ≡
(0, 1, 2, 3, 4)). The five-dimensional theory in vacuum is
defined by the Hilbert-Palatini functional:
L(eˆ, wˆ) = 1
L3
ǫµναβρǫIJKLM eˆ
I
µeˆ
J
ν eˆ
K
α Rˆ
LM
βρ (wˆ),
where L is the (fundamental) five-dimensional Planck-
length and Rˆ LMβρ (wˆ) = ∂[βwˆ
LM
ρ] + wˆ
LK
[β wˆ
M
ρ]K is the
field-strength. The internal metric is defined as ηIJ =
[−1, 1, 1, 1, σ], where σ = ±1. The field equations are
obtained directly from the variation of the above:
ǫµναβρǫIJKLM eˆ
I
µeˆ
J
ν Dˆα(wˆ)eˆ
K
β = 0, (1a)
ǫµναβρǫIJKLM eˆ
I
µeˆ
J
ν Rˆ
KL
αβ (wˆ) = 0 (1b)
2Here we have defined Dˆµ as the gauge-covariant deriva-
tive with respect to the super-connection wˆ IJµ .
In general, the field equations (1a) and (1b) admit so-
lutions which could have either vanishing or nonvanishing
determinant of the vielbein. To explore the consequence
of an extra dimension of zero metrical length in gravity
theory (in vacuum), here we look to find the most general
solution to the above equations where the vielbein has a
zero eigenvalue. This zero may be chosen to lie along a
particular direction (v):
eˆIv = 0. (2)
This implies:
eˆIµ =
[
eˆia ≡ eia 0
0 0
]
Note that eia may be viewed as the emergent tetrad
fields (invertible) that define the geometry of the four-
dimensional spacetime. We denote the inverse of these
tetrads as eai (6= eˆai , since eˆµI do not exist):
eiae
b
i = δ
b
a, e
i
ae
a
j = δ
i
j .
The corresponding 4-metric is defined as gab = e
i
aebi.
A. General solution to the connection equations of
motion
The connection equations (1a) are linear in the con-
nection fields. These decouple into two sets:
ǫabcdǫIJKLMe
I
ae
J
b Dˆve
K
c = 0,
ǫabcdǫIJKLMe
I
ae
J
b Dˆce
K
d = 0. (3)
Let us obtain the most general solution to these as dis-
cussed below.
The first set above imply:
Dˆve
i
a = 0, Dˆve
4
a = 0. (4)
These may be solved for the connection components
wˆ IJv , which are manifestly trivial upto a pure gauge:
wˆ ijv = −ecj∂veic, wˆ 4iv = 0. (5)
Note that eqn.(5) implies that the metric gab is inde-
pendent of the fifth coordinate v: ∂vgab = ∂v(e
i
aebi) =
eaiDˆve
i
b + (a ↔ b) = 0. Hence, any v-dependence in
the tetrad must be purely a gauge artefact, and could be
transformed away by an appropriate gauge choice. This
is equivalent to choosing the unphysical connection com-
ponents to vanish, without any loss of generality:
wˆ ijv = 0, (6)
implying ∂ve
k
c = 0.
In the second set, the M 6= 4, L 6= 4 component leads
to six equations:
ec[iwˆ j]4c = 0⇒ wˆ 4ia = M ijeaj (7)
where the arbitrary spacetime field M ij = M ji repre-
sents a 4 × 4 matrix. In other words, these six equa-
tions fix the antisymmetric components of wˆ 4ia to be zero,
whereas the remaining ten are left arbitrary. Next, the
M = 4 component of the same set implies:
edkDˆ[ce
k
d] = 0, (8)
This has the general solution:
wˆ ija = w¯
ij
a (e) +K
ij
a , (9)
where w¯ ija (e) =
1
2 [e
b
i∂[ae
j
b] − ebj∂[aeib] − elaebiecj∂[belc]] are
the torsionless connection components (D[a(w¯)e
i
b] = 0)
and the contortion tensor K ija = −K jia is constrained
as:
eajK
ij
a ≡ K iaa = 0. (10)
We may parametrize the remaining twenty independent
components of the contortion in terms of an axial vector
field Li and a tensor field N ijk = −N ikj with N iki =
0, ǫijklN
jkl = 0 (20 = 4 + 16):
K ija = ǫ
ijkleakLl + 2ealN
lij . (11)
Note that since torsion is assumed to be even under par-
ity, Li and Nijk must have mutually opposite parity.
B. General solution to vielbein equations of motion
The vielbein equations (1b) may be divided into the
following sets:
ǫabcdǫIJKLM eˆ
I
aeˆ
J
b Rˆ
KL
cv (w) = 0,
ǫabcdǫIJKLM eˆ
J
a eˆ
K
b Rˆ
LM
cd (w) = 0. (12)
In the following, we find the general solutions for each
set separately for the I 6= 4 and I = 4 components,
respectively.
Among the first set, for I 6= 4 we have:
Rˆ i4av = 0 =⇒ DˆvMkl = 0, (13)
Using eq.(5), this implies that Mkl (and hence wˆ 4ia ) are
v-independent. The I = 4 component, on the other hand,
is identically satisfied.
In the second set, the I 6= 4 component leads to further
constraints:
eakRˆ
k4
ab = 0 =⇒ [δab δkl − eakebl]DaMkl = 0 (14)
Note that the covariant derivative Da is defined with re-
spect to the torsionfree connection w¯ ija (e). Finally, the
I = 4 component of the second set in eq.(12) reads:
eai e
b
jRˆ
ij
ab = 0. (15)
3C. Independence of the fifth coordinate
The fact that the fields eia and wˆ
5i
a (and hence Mij)
are independent of the fifth coordinate v has already been
elucidated earlier. To find the dependence of the remain-
ing connection components on v, let us first note the
identity given by:
ǫIJKLMǫ
µναβρeˆIµeˆ
J
ν DˆαRˆ
KL
βρ (wˆ) = 0. (16)
The M = 4 component of the above implies:
∂v
[
ǫabcdǫjklme
j
ae
k
b Rˆ
lm
cd (w)
]
+2ǫabcdǫjklme
j
ae
k
b DˆcRˆ
lm
dv (w) = 0 (17)
However, the term within the bracket in the first piece
vanishes due to the field equation (15). Simplifying the
second term further, we obtain:
ea[ie
b
j]Dˆa
[
∂vwˆ
ij
]
= 0 = ∂v
[
eai e
b
jK
ik
[a K
j
b]k
]
(18)
This shows that the only contortion-dependent piece
which appears in the equation of motion (15) is v in-
dependent. Using the generic decomposition (11) of the
contortion, this becomes equivalent to the constraint:
3Li∂vLi +N
ijk∂vNijk = 0 (19)
However, since the fields Li and Nijk are linearly inde-
pendent, the above relation implies:
∂vLi = 0 = ∂vNijk. (20)
Thus, all the basic fields are independent of the fifth co-
ordinate, a feature that emerges naturally within this
framework1.
III. STRUCTURE OF THE EMERGENT
THEORY
Let us note that the equation of motion (15) fixes the
scalar component of the field-strength to zero. This im-
plies the following general solution:
Rˆ
ij
ab = tˆ
ij
ab , (21)
where tˆ ijab is an arbitrary tensor field satisfying
eai e
b
j tˆ
ij
ab = 0 and having the same symmetry properties
as the field-strength tensor. Using the identity: Rˆ ijab =
R¯
ij
ab (w¯)+D[a(w¯)K
ij
b] +K
ik
[a K
j
b]k −σM ikM jlek[aelb] where
R¯
ij
ab (w¯) = ∂[aw¯
ij
b] + w¯
ik
[a w¯
j
b]k is the torsionfree part of
the field-strength, we may rewrite the above solution as:
R¯
ij
ab (w¯) = tˆ
ij
ab −D[a(w¯)K ijb] −K ik[a K jb]k
+ σM ikM
j
le
k
[ae
l
b] (22)
1 This may be contrasted to the case of Kaluza-Klein theory, where
one requires to impose additional assumptions (i.e. the cylinder
condition) in order to obtain such a property.
In terms of the decomposition K ija ≡ (Li, Nijk) as in
eq.(11), the third piece at the right hand side above be-
comes:
K ik[a K
j
b]k = L
kLke
i
[ae
j
b] − L[iL[ae
j]
b]
+2emb e
n
a [N
ki
m N
j
nk −N imkN jkn]
−2[eamebn
(
2NmikN
nkj +N ink N
jmk +N jmk N
nik
)
−ep[aeqb]Ln(ǫjpnkN kiq − ǫipnkN kjq )]
The above identity results in a simpler expression for the
field-strength obtained in eq.(22):
R¯
ij
ab (w¯) = t¯
ij
ab − LkLkei[aejb] + L[iL[ae
j]
b]
−2emb ena [N kim N jnk −N imkN jkn] + σek[aelb]M ikM jl(23)
where the terms having the same property as the tensor
tˆ
ij
ab have been absorbed away through its redefinition:
t¯
ij
ab = tˆ
ij
ab −
[
D[a(w¯)K
ij
b]
]
− 2eamebn
[
2NmikN
nkj +N ink N
jmk +N jmk N
nik
]
+ 2ep[ae
q
b]Ln
[
ǫjpnkN iqk − ǫipnkN jqk
]
From the field-strength (23), it is straightforward to
find the (torsionless) Riemann tensor associated with the
general solution discussed above:
R¯abcd = −LeLegc[agb]d + LcL[agb]d − LdL[agb]c
+ σMc[aMb]d − 2
[
NbckN
k
ad −NcbkN kda
]
,(24)
where, we have lowered (raised) the internal indices using
the tetrad (inverse tetrad) fields: La ≡ Lieai, Mab ≡
M ijeaiebj , N
k
ab ≡ N ijkeaiebj . Note that this tensor
has the usual symmetries: R¯abcd = R¯cdab = −R¯bacd =
−R¯abdc. However, the standard identity R¯[abc]d = 0 for
an Einsteinian Riemann tensor is satisfied provided:
N ijk = N jik. (25)
However, this, along with its original symmetry proper-
ties eq.(11), leads to:
N kab = 0 = N
ijk. (26)
Thus, the equation of motion and the symmetry proper-
ties of the Riemann tensor imply that the contortion can
only be made up of the axial four-vector Li.
A. Effective Einstein equations
Based on the results above, the emergent Einstein
equations read:
R¯ab − 1
2
gabR¯ = t¯ab + [2LaLb + LcL
cgab]
+σ[(M ccMab −M ca Mcb)−
1
2
(
M ccM
d
d −M cdMcd
)
gab],
(27)
4the Ricci tensor and scalar being defined as R¯ab =
R¯ ijac e
c
jebi, R¯ = g
abR¯ab. This governs the emergent grav-
ity theory in four dimensions. Note that the effective
stress-energy tensor at the right hand side is purely ge-
ometric, where the symmetric tensor t¯ab = t¯
ij
ac e
c
jebi is
traceless and the fields La,Mab originate from the non-
propagating components of the connection wˆ IJµ , exhibit-
ing no second order time derivatives. However, these
fields are not completely arbitrary, since their first space
and time derivatives are restricted through the Bianchi
identity that they must satisfy:
∇b(t¯ab + [2LaLb + LcLcgab]
+σ[(M ccM
ab −MacM cb)−
1
2
(
M ccM
d
d −M cdMcd
)
gab])
= 0 (28)
where ∇a is the covariant derivative defined with respect
to the Christoffel symbols Γ cab (g) made up of the emer-
gent (invertible) metric gab.
In the general solution (27) resulting from the basic
five-dimensional theory, the first piece t¯ab represents ra-
diation. Before going on to analyze the properties of the
remaining field multiplet, let us note that the field Mij
admits an orthogonal decomposition into a scalar (trace)
χ and a tracefree part (10 = 1 + 9) in general:
Mij =
1
4
χηij +
√
2Sij , ηijS
ij = 0. (29)
In terms of these, the effective Einstein equations finally
simplify to:
R¯ab − 1
2
gabR¯ = tab − 3σ
16
χ2gab + [2LaLb + LcL
cgab]
− σ [2S ca Scb − ScdScdgab] , (30)
where the traceless piece has been redefined as tab =[
t¯ab +
1
2MSab
]
. The second term quadratic in χ essen-
tially represents a variable vacuum energy.
B. A special case: Cosmological constant
We may consider a scenario where the radiation piece
and the rest are separately conserved:
∇bt¯ab = 0 = ∇b([2LaLb + LcLcgab]
− σ[2SacScb − ScdScdgab]−
3σ
16
χ2gab)
= 2Lc
[
δbc∇aLa +∇cLb + gab∂aLc
]
+Scd[gab∇aScd − δbd∇aSac − δad∇aSbc ]
−3σ
16
gabχ∂aχ (31)
Under the assumption that the fields χ, La and Sab are
linearly independent, this implies:
∂aχ = 0,
∇aLb +∇bLa = 0,
gbd∇aSac + gad∇aSbc − gab∇aScd = 0. (32)
In other words, this sector of the theory inherits a cos-
mological constant (χ ≡ spacetime const.), whose origin
is geometric.
C. Four dimensional effective action
Here we provide an effective four dimensional action
formulation equivalent to the one discussed above. For
simplicity, we shall assume a trivial radiation field (tab =
0).
Due to the vanishing proper length of the extra di-
mension, a naive dimensional reduction by integrating
over the fifth direction does not work here. Rather, the
appropriate action is generated by the four dimensional
Hilbert-Palatini term, along with a Lagrange multiplier
field to implement the associated constraints:
Seff (e
i
a, w
ij
a , ζ
a) =
1
2l2P
∫
d4x e[eai e
b
jR
ij
ab (w)
+ 2ζaebiD[a(w)e
i
b] − eai ebjJ ijab (M)], (33)
where the source is defined as J ijab (M) = σM
i
[aM
j
b] and
the covariant derivative is defined by the general connec-
tion field (with contortion).
The variation of this action with respect to ζa yields
the following equations of motion:
ebiD[a(w)e
i
b] ≈ 0,
which are equivalent to (8), obtained earlier from the five-
dimensional Lagrangian. The weak equality ‘≈’ implies
that these equations of motion are to be implemented
only after all the variations have been performed. Next,
the connection equations imply:
ζa =
1
3
gab
[
eckD[be
k
c]
]
≈ 0.
Finally, a variation with respect to the tetrad, upon im-
plementing the above two field equations, leads to the
same Einstein equation as in (27).
As reflected by the reduced action (33), our formu-
lation is fundamentally different from variants of modi-
fied theories of gravity, such as f(R), f(T ) or conformal
gravity. Whereas such theories generically exhibit higher
curvature modifications and/or propagating torsion, the
fields Li,Mij here have no kinetic terms and do not prop-
agate. From the four-dimensional perspective, these are
equivalent to source fields which as a whole are associated
with a conserved current (due to the Bianchi identity).
The framework presented here is essentially different
from any extra dimensional formulation where the fifth
dimension has a nontrivial proper length, such as the
Kaluza-Klein approach. To recall, the emergent four di-
mensional fields here do not resemble ordinary propagat-
ing matter, and the four dimensional Planck length is not
generated from the five-dimensional length scale through
5a dimensional reduction. In addition, since the fifth coor-
dinate has no period, there are no tower of higher eigen-
modes with discrete momenta to be looked for in the
collider experiments.
IV. DISTINCTIVE PROPERTIES OF THE
EMERGENT MULTIPLET AND IMPLICATIONS
A. An ideal fluid description
The equations of state of the radiation piece tab and
the vacuum energy χ are well-known (ω = 13 and −1,
respectively). Let us rewrite the geometric contribution
(30) to the stress tensor in a perfect fluid form:
[2LaLb + LcL
cgab]− σ
[
2S ca Scb − ScdScdgab
]
= (ρ+ P )uaub + Pgab (34)
where ua is the four-velocity of the fluid. Since the fields
La, Sab are independent of the metric, the coefficients of
gab at both sides above must be equal. As a result, the
effective density and pressure could be solved as:
ρ = −3LaLa + σSabSab = −3LiLi + σSijSij
P = LaL
a + σSabS
ab = LiL
i + σSijS
ij (35)
There are a number of important features, as elucidated
by the above equation:
(a) The axial vector field Li corresponds to negative
pressure ωL = − 13 , whereas the symmetric traceless ten-
sor Sij resembles a stiff fluid with ωs = 1;
(b) Assuming an equation of state of the form P = ωρ
for the emergent composite (Li, Sij), the non-negativity
of the corresponding energy densities ρL and ρS implies
that the equation of state is bounded both above and
below:
− 1
3
≤ ω ≤ 1; (36)
(c) This prediction could have important implications
in the context of cosmological evolution. Generally, at
the earliest stages the dominant fluid component should
be Sab whereas the axial field Li dominates the latest
stages (till the vacuum energy takes over). A pressure-
less composite is expected to characterize an intermedi-
ate phase. This corresponds to the constraint LiL
i =
−σSijSij , with a relative density ρSρL = 13 .
B. Couplings
The emergent fields Li (La) and Sij (Sab) are dimen-
sionful. This is because they originate from the (five di-
mensional) super-connection wˆ IJµ ≡ (wˆ ijµ , wˆ i4µ ), which
has the dimension of inverse length, whereas the pentads
eˆIµ are dimensionless. Let us define this length scale as l.
This, also being the scale that defines the emergent cos-
mological constant (when χ = constant), must generally
be much larger than the four-dimensional Planck length
(lP ).
Note that the gravitational coupling constant of the
emergent stress-tensor in eq.(30) is independent of the
Newton’s constant G. To compare with the stress-energy
tensor associated with ordinary matter, we may rewrite
this equation in terms of the standard coupling as:
R¯ab − 1
2
gabR¯ = 8πGT
(eff)
ab
In the above, T
(eff)
ab has the dimension [T
(eff)
ab ] =
1
Gl2
,
and has no inherent mass scale. This is in stark contrast
to normal matter with [T
(m)
ab ] =
GM
l3
, where M defines
the mass of the field producing the energy-momentum
tensor. In other words, whereas the density of ordinary
matter behaves as ρ(m) ∼ Ml3 at some distance scale l,
the effective energy density of these emergent fields goes
as ρ(eff) ∼ 1Gl2 . The latter becomes dominant at a large
distance in a region devoid of matter, owing to its slower
fall-off with distance. Hence, we are led to a remarkable
conclusion, that is, the emergent field content (La, Sab)
in eq.(30) does not resemble ordinary matter.
The absence of any mass scale in the effective gravi-
tational coupling above also means that these fields do
not have a particulate nature. In other words, these
cannot exchange energy through collisions with matter
particles and hence would be noninteracting in general.
Note that these are also non-propagating. Nevertheless,
it is possible in principle to introduce additional cou-
plings of these dimensionful fields to four dimensional
propagating matter (i.e., associated with at least two
derivatives in the Lagrangian) in the emergent theory.
For instance, the simplest possible nontrivial couplings
of these to some scalar matter φ would be given by
L
(1)
φ ∼ lP
√−gSab∂aφ∂bφ, L(2)φ ∼ l2P
√−gLaLb∂aφ∂bφ
etc. However, such couplings are manifestly suppressed
by positive powers of the four dimensional Planck length
lP , which is the only fundamental length scale in the
emergent theory. This shows that even if any additional
matter is introduced, their couplings to these geometric
fields would naturally be too weak to be relevant.
C. A proposed resolution to the ‘dark matter’
problem
The discussion above leads us to the main application
of the theoretical framework presented here. Let us recall
some of the notable features that have been unravelled
till now:
(i) The nonprogating components of the super-
connection reflected by the fields (Li, Sij) do not behave
as ordinary matter, as the respective couplings are very
different;
(ii) Due to its noninvertibility, the 5-metric gˆµν can-
not be coupled directly to (bosonic) matter fields in five
dimensions. Therefore, the fundamental five-dimensional
6theory does not generate any coupling of the fields Li, Sij
to matter in the effective four-dimensional description;
(iii) Any additional matter coupling that could possi-
bly be introduced at the four dimensional level to these
fields are Planck-scale suppressed. Hence, such couplings
are also too weak to be relevant;
(iv) Their coupling to gravity has a slower fall-off com-
pared to ordinary matter and hence is expected to dom-
inate at large scales where there is no luminous matter;
(v) This coupling is independent of any field mass scale,
implying that the associated fields cannot be interpreted
as ordinary particulate matter which may collide and dis-
sipate energies. Hence, these fields are inert in general;
(vi) The predicted equation of state of this composite
is bounded. In particular, this bound contains pressure-
less fluid as an intermediate point, which is believed to
represent the effective nature of the conjectured ‘dark
matter’ at the current epoch.
Based on these observations, we propose that the emer-
gent field content (Li, Sij) should supercede the notion of
‘dark matter’ altogether. Note that the inertness, which
is a nontrivial feature but is essential for anything which
could be conceived to play the role of some hypothetical
‘invisible matter’, seems to emerge naturally owing to the
zero proper length of the extra dimension.
We shall now explore the implications of our general
formulation for galactic rotation curves. This is par-
ticularly important, since the flatness of the rotation
profiles of spiral galaxies as confirmed in the seventies
[9, 10, 12, 13] has been one of the main motives behind
the ‘dark matter’ conjecture.
V. PREDICTION OF FLAT ROTATION
CURVES
We have already found how effective density of the
geometric field composite (La, Sab) varies with distance.
Assuming that these are the essential constituents of the
galactic halo which is spherical symmetric, this implies:
ρeff (r) ∼ 1r2 , or, Meff (r) ∼ r for the corresponding ef-
fective ‘mass’. For any test particle moving in a circular
orbit under the influence of this ‘mass’ within the radius
r, the equality of the gravitational pull with the cen-
tripetal force leads to a the constant circular velocity. It
seems remarkable that the emergent theory constructed
earlier naturally predicts that the rotation curves should
be flat at some sufficiently large distance. This may be
contrasted with standard Einsteinian gravity where cou-
pled to normal matter through G such a scenario is sim-
ply untenable. The inherent inertness of these fields, as
already explained earlier, also implies that the halo would
effectively be invisible to particulate matter. Hence, it
would be stable against interactions in general.
Based on these observations, we now set up a geomet-
ric model of the halo and look for possible new insights
into the general relativistic solutions corresponding to
flat rotation curves. For simplicity, we shall ignore the
(subdominant) effects of baryonic mass or vacuum energy
and also of the radiation term tab.
We begin with the standard approach of describing the
outer region of a galaxy by a spherically symmetric static
metric [14]:
ds2 = −eµ(r)dt2 + eλ(r)dr2 + r2(dθ2 + sin2 θdφ2)
The circular velocity of the test particles at a radial dis-
tance r reads [14]:
v2(r) = e−µr2
(
dφ
dt
)2
=
1
2
rµ′(r).
With the above metric, the three independent diagonal
components of the effective Einstein’s equations (27) lead
to (assuming isotropic pressure):
eλρ =
λ′
r
− 1
r2
(1− eλ)
eλP =
µ′
r
+
1
r2
(1− eλ)
eλP = µ′′ +
(
µ′
2
+
1
r
)
(µ′ − λ′) (37)
Note that the effective density ρ and and the pressure P ,
defined in (35), refers to the geometric field composite
only and not to any ordinary matter. In view of the
spherical symmetry of this model, we assume the fields
(Li, Sij) to depend on the radial coordinate r only.
A. Newtonian limit:
The Newtonian solution to the above set of equa-
tions corresponding to a constant circular velocity is
well-known [14]. In the limit of a slowly varying λ(r)
(|λ′(r)| ≪ |µ′(r)|) and small pressure, eqs.(37) can be
solved for the two metric functions as:
λ(r) = A, µ(r) = (A− 1) ln r +B, (38)
where A,B are constants. From eq.(37), we see that
these correspond to a constant circular velocity v with
2v2 = A − 1. The axial and non-axial densities become,
respectively:
ρL =
3
4r2
(2v2 − v4), ρS = 1
4r2
(2v2 + 3v4) (39)
This describes the present phase of the halo fluid during
the course of cosmological evolution, as is suggested by
current observations.
B. Non-Newtonian limit:
However, there also exists a non-Newtonian particu-
lar solution to the equations (30) with constant termi-
nal velocity, which does not really have a theoretical ex-
planation as to what is the field that could produce it.
7This is obtained in the limit of large effective pressure:
P ≫ µ′(r)
r
:
ρL(r) =
3C
2
[
2− v2
1− v2
]
r
2v
2
1−v2 , ρS(r) =
C
2
[
v2
1− v2
]
r
2v
2
1−v2 ,
P (r) = −Cr 2v
2
1−v2 , λ(r) = −ln
[
1− Cr 21−v2
]
, (40)
where C > 0 is an integration constant. The associated
state parameter is given by ω = −
[
1−v2
3−v2
]
≈ − 13 . Our
framework, however, does have a field component which
exhibits precisely this equation of state, namely, the pseu-
dovector field Li. Evidently, this limit corresponds to a
state of the halo fluid that is composed almost entirely
of the axial 4-vector Li:
ρL
ρ
=
3(2− v2)
2(3− v2) ≈ 1,
ρS
ρ
=
v2
2(3− v2) ≈ 0. (41)
This phase is expected to dominate the latest stage of
the cosmological evolution, since the density contribution
due to Li should have the slowest fall-off owing to its
extreme equation of state.
To summarize, the non-Newtonian features of the flat
rotation curve geometry has a natural explanation in
terms of the vector contortion Li, while the Newtonian
features have an interpretation in terms of a combined
effect of Li and the symmetric traceless tensor Sij .
C. Numerical estimates
Note that the axial density ρL could in fact be deter-
mined from observational data. For instance, using the
radial variation of the halo mass functionMH(r) given by
∂rMH(r) = 4πr
2ρ(r) (ignoring the baryonic mass within
the galactic disc) along with P = ωρ and eq.(35), we
obtain:
ρL(r) =
3(1− ω)
2
ρ =
3(1− ω)
8πr2
∂rMH(r). (42)
Since ∂rMH(r) is an observable that may be determined
from the study of gravitational lensing within or outside
the halo [15], the axial density could be found from the
above, given the equation of state. Alternatively, ρL may
be determined provided the total effective density of the
halo fluid ρ is known. A comparison between the two
values so obtained could be one way to check the consis-
tency of this geometric model of the galactic halo. For in-
stance, using the known numbers v ≈ 238 km/s, ρ ≈ 0.4
Gev cm−3 for the Milky way halo [16], the Newtonian
solution corresponds to w ≈ 3 × 10−6 (at the present
epoch). From this the densities of the two independent
components are estimated to be:
ρL ≈ 0.3 Gev cm−3, ρS ≈ 0.1 Gev cm−3. (43)
D. Unification of three length-scales
Based on the fact that the emergent vacuum energy
is defined by the trace of M ij , which are some of the
superconnection components, we may find the typical
order of magnitude of the length scale l associated with
the emergent fields. Based on the current observational
data related to the cosmological constant Λ, we obtain:
χ−1 ∼ 1√
Λ
∼ 1026m (44)
An intriguing question is, could there be a characteris-
tic length scale in galatic physics which corresponds to
this order of magnitude. Empirically, we do know that a
possible length scale is given by the typical galactic ac-
celerations: a0 ∼ 2×10−10ms−2, which for c = 1 reduces
to: a0 ∼ 10−26 m−1. This is precisely the inverse of the
number obtained above. Hence, from the perspective of
the five dimensional theory, the galactic acceleration scale
is not fundamental, but is derived from that of the su-
perconnection, and is also related to the vacuum energy
scale.
VI. PROPAGATION OF GRAVITON
Finally, we come to the question as to how does the
graviton mode propagate in this theory. Note that both
the unperturbed as well as perturbed 5-metrics should be
defined to be solutions the first-order equations of motion
in this formulation, and hence both must be degenerate
(and hence they satisfy the first order field equations pre-
sented earlier)2. The corresponding 4-metrics, however,
may be assumed to be nondegenerate in general. Even
though one could in principle consider the possibility of
having a perturbed 5-metric that is invertible, that would
correspond to a different theory, something beyond the
scope or context of the present article.
Recalling our earlier discussion, the unperturbed 5-
metric is given by:
ˆ¯gµν =
[
g¯ab 0
0 0
]
The most general perturbation on this is represented by:
ds2 = [gab − σh2AaAb]dxadxb + σh2[dv +Aadxa]2
where σ = ±1, gab = g¯ab+hab, gav = gva = h2Aa, gvv =
h2. The associated pentad fields read:
eˆIµ =
[
eia hAa
0 h
]
2 This is exactly analogous to the case of invertible tetrads where
both the unperturbed and perturbed metrics are required to sat-
isfy Einstein’s field equations.
8Since the determinant of the pentad eˆ = eh (e is the
determinant of the 4-metric) must vanish, we have h = 0.
Hence, in general, the perturbed 5-metric is necessarily
of the following form:
gˆµν =
[
g¯ab + hab 0
0 0
]
Note that the 4-fluctuation hab are subject to the effective
Einstein equation (27) along with the four dimensional
Bianchi identities. This leads to an equation with second
order time derivatives on hab, exactly as in the case of
(linearized) Einstein’s equation with a source. Evidently,
in the general set of solutions found earlier, there is no
other second order equation involving any of the remain-
ing fields.
To emphasize, the (two transverse traceless polariza-
tions of) graviton propagates only in four dimensions.
This feature reflects another important difference from
the Kaluza-Klein based extra dimensional formulations
[4–6].
VII. CONCLUSIONS
We have introduced a first order theory of vacuum
gravity with an extra dimension of vanishing proper
length, and have explored the dynamical consequences.
The emergent four dimensional theory, apart from pro-
viding a geometric realization of vacuum energy, exhibits
a nonpropagating vector-tensor multiplet. It is shown
to have characteristics radically different from ordinary
matter. This analysis provides a concrete basis to our
subsequent proposal that this emergent field content,
which has no analogue within standard Einsteinian the-
ory, leads to a potential resolution to the ‘dark matter’
problem. This is one of the main imports of the funda-
mental theory introduced here.
Remarkably, a model of the galactic halo based on this
extra dimensional formulation predicts that the rotation
curves should be flat at large distances where there is no
effect of visible matter. The characteristic inertness of
the vector-tensor multiplet also provides a natural expla-
nation to the stability of the halo.
In the emergent multiplet, the (axial) vector compo-
nent has an equation of state ω = − 13 which provides a
possible explanation of the non-Newtonian features of the
flat rotation curve solutions. The Newtonian features, on
the other hand, are explained in terms of a pressureless
composite which requires the vector as well as the tensor
component Sij which has a stiff equation of state ω = 1.
Both these kinds of fields could have their own implica-
tions. For instance, these fields could play a role in the
late and early stages of a cosmological evolution, respec-
tively. To mention a few special contexts in isolation,
the possible existence of stiff matter in relativistic theo-
ries has been discussed earlier by Zeldovich [17], whereas
the equation of state ρ+3P = 0 has been found to emerge
in the context of cosmic strings [18]. It seems intriguing
though that such nonstandard equations of state could
also be a property of fields of purely geometric origin, as
elucidated here. This begs for a deeper understanding.
The dynamical embedding of one or more extra dimen-
sion of zero length within an action formulation and its
possible implications, as explored here, have not been
studied before. It is worthwhile to note that the ge-
ometric and topological properties (e.g. geodesic com-
pleteness, space or time orientability etc.) of the associ-
ated solutions are fundamentally distinct from degener-
ate spacetime solutions in four dimensional gravity, some
of which have been discussed earlier in various contexts
[19–25].
As an infrared modification of gravity, our formula-
tion is manifestly different from the modified theories in
general (such as higher curvature gravity or MOND or
conformal gravity etc. [26, 27]). Also, the additional
dimension of zero proper length here does not inherit
the defining features of the earlier frameworks based on
compact or large or warped dimensions [1, 2, 4, 5]. To
emphasize, this theory is free of the Kaluza-Klein tower
of particles, and the graviton propagates only in four di-
mensions. It seems remarkable that the independence
of the effective four dimensional theory of the fifth co-
ordinate emerges as a natural consequence of the field
equations, without requiring any additional assumption
as such. Furthermore, this theory is not a limiting case of
a Kaluza-Klein theory, where the length of the variable
fifth dimension could be made to approach zero. In fact,
such a limit is singular, which is not a surprise since the
two theories correspond to two different sets of equations
of motion.
Even though there exists no metrical scale originat-
ing from the extra dimension (unlike the Kaluza-Klein
or Randall-Sundrum or ADD case), the emergent fields
do exhibit a characteristic length different from the four
dimensional Planck length. This is also the scale charac-
terising the vacuum energy (cosmological constant being
a special case) on one hand and the typical galactic ac-
celerations on the other, thus providing an explicit con-
nection between two large numbers appearing in nature.
One wonders whether this fact has a deeper relevance.
It is worth mentioning that a universal acceleration
(length) scale has some times been invoked to define
the working formula designed to fit the flat rotation
curves, even though it is not clear from current obser-
vations if such a universal scale does exist. However,
within any such phenomenologically motivated formula-
tion (e.g. MOND), the origin of a new scale has no ex-
planation. From our viewpoint here, such a large unit
of length rather is derived from the fundamental scale
of the (super-) connection fields of the basic five dimen-
sional theory.
In general, this scale could have nontrivial imports in
the weak or Planck scale physics. The generic implica-
tions of this framework on cosmological dynamics, too,
seem rich in prospects and possible surprises.
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